DEPARTMENT OF
APPLIED PHYSICS AND ELECTRONICS
UMEA UNIVERISTY, SWEDEN

$1V
Q ‘€¢
ol (V)
N i
2 o
Q « %

DIGITAL MEDIA LAB

Document distances using the Zipf distribution and a novel metric

Apostolos A. Georgakis ! H. Li
Dept. Applied Physics and Electronics Dept. Applied Physics and Electronics
Umea University Umea University
SE-90187, Umea Sweden SE-90187, Umea Sweden
e-mail: apost ol 0s. geor gaki s@f e. unu. se e-mail: hai bo. i @fe.unu. se

DML Technical Report: DML-TR-2003:01
ISSN Number: 1652-8441

Report Date: December 1, 2003

1This work was supported by the European Union Research Training Network (RTN)“MUHCI: Multi-modal Human
Computer Interaction (HPRN-CT-2000-00111).




Abstract

A novel metric is proposed in the present report for the evaluation of the goodness-of-fit criterion between the
distribution functions of two samples. We extend the usage of the proposed criterion for the case of the generalized

Zipf distribution. Detailed mathematical analysis of the proposed metric, which is embodied in a hypothesis
testing, is aso provided.
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1 Introduction

In aplethoraof natural phenomena the distribution of a characteristic under consideration is heavily skewed. For
example, biological, ecological, and chemical systems sometimes tend to exhibit an exponentia decaying model.
Web site popularity, web access statistics, Internet traffic, population and growth of cities also comply with the
same decaying model. Furthermore, many references can be found in bibliometrics, informetrics and library
science. A plethora of distributions exists in the literature that are capable to model the above phenomena; with
the most prevalent among them the well-know Zipf distribution [1, 3].

The Zipf distribution rely on an empirical law discovered by Estoup in 1916 and named after the Harvard
linguistic professor G. K. Zipf (1902-1950). This distribution relates the frequency of occurrence of an event a
and therank, my, of the event when the rank is determined by the above frequency of occurrence. Therelationship
is the power-law function:

P(a) ~ 1/m @)

with the exponent 6 to be close to unity. The probability distributionin Eq. (1)isaninstance of apower law. Zipf's
law is an experimental law, not a theoretical one. The causes of Zipfian distributionsin real life are a matter of
some controversy. However, Zipfian distributions are commonly observed in many kinds of phenomena.

Initially the Zipf distribution was confined to the linguistic community and associated the frequency of word
in a document with its rank [4, 7]. The prerequisite for the above law to be applicable in linguistics is that the
size of the document to be fairly large.

2 Document distance

Its is generally admissible that the contextual “similarity” between documents (regardless of their size) can be
based on their structural textual elements, namely the words forming these documents. The previous fact is the
basic principle behind the vector space model (VSM) [6]. In the VSM, the available textual data are encoded
into anumerical form and are represented by numerical vectors. Furthermore, it is generally agreed upon that the
contextual similarity between documents exists also in their vectorial representation. Since the Zipf distribution
of a document employs the frequencies of the words forming that particular document, it is justified to evaluate
the contextual similarity based on the numerical encoding produced by the particular distribution.

A novel distance measure will be provided in the current chapter. In Appendix A it will be proven that the
proposed distance measure is also a metric. This metric is used in order to evaluate the similarity between Zipf
distributed vectors. The suggested metric can be easily proven that it is computationally superior (faster) than
the Euclidean distance. For example, for two N,-dimensiona vectors, the computational cost of the suggested
metric is N,y multiplications, a bit-shift operation and N,y additions compared to N,, multiplicationsand (2N, — 1)
addition of the Euclidean distance.

Furthermore, by exploiting the fact that the vectors under consideration are distributed according to the Zipf
law enables us to extend the suggested metric towards the direction of a statistical hypothesis. The hypothesis
under consideration is whether two Zipf distributed vectors, and subsequently two documents, are similar or not.
For this reason a detailed distribution is provided for the proposed metric along with a detailed proof. Also, two
distribution tables are supplied for the proposed metric to make the chapter self-content.

Inwhat follows, section 2.1 provides a description of the proposed metric and section 2.2 describes the process
of incorporating the Zipf distribution in the proposed metric. It also provides a detailed proof for the evaluation
of the distribution associated with the proposed metric. Following, section 2.3 provides the hypothesis testing for
the evaluation of the similarity between two Zipf distributed vectors.



DML Technica Report: DML-TR-2003:01

2.1 Proposed metric

Let us suppose that XN = {X1,X2,...,Xn} isacollection of Ny,-dimensional random vectors, where x; = (X1, Xi2,
. ,xiMN)T with cumulative probability density function fx(i). Let also Xy, denote the univariate random variable
with distribution function f;(m), where f;(m) corresponds to the probability of the mth element of the ith vector,
that is, fi(m) = P(Xim), where

Nw
> P(Xim) = 1. 2
m=1

We further assume that the probabilitiesin Eq. (2) follow the Zipf distribution. In order to assess whether two
vectors drawn independently from the set XN are of the same “shape’, one needs to compare their distribution
functions. For this purpose a novel metric isintroduced. Let x; and x; denote two vectors randomly drawn from
the set XN, (xi,x; € XN). The hypothesis whose validity isto be tested is:

Ho: Thetwo cumulative distribution functions are “identical” = fx(i) = fx(j)
or equivalently
Ho: fi(m) = f;j(m), for amost each m,

against the negation of Hy. If the null hypothesis is true, the population distributions are identical and the two
samples are drawn from the same popul ation, meaning that the vectors x; and x; should be regarded asinstances of
the same population. Therefore, allowing for statistically neglectful sampling variations, under Ho there should be
reasonabl e agreement between the two distributions. The proposed criterion between theith and jth distributions,
henceforth denoted by D;j, is defined as:

Dij = h(x,Xj, X 0X}) = (Xi +X] +9(Xi,X})) (X +X] +9(x, %)), 3

where the notion (o) corresponds to the Hadamard product between two vectors and g (x;, X;j) corresponds to the
Ny-dimensional vector whose the k-th element is | /P(xik)P(Xjk) (square root of the Hadamard product between
the vectors x; and x;).

From Eq. (3), the following form for the variable D;j, derives:

% (i (M) + /T (m) F; (M)

A
Dij = ~ fi (m) (4)
_ %w: (£2(m) + f (m) £ (m) ++2f; () /T (m) T; (M)
m=1 fi(m)
Ny
= > (b 2/ m)
m=1
N\N n
= St (2/im i m)
m=1 m=1
Nw
= 2+22< fi(m)fj(m)> ©)
m=1
= 2+2.f (6)

From Eqg. (5) is evident that only the square roots of the xim and X;m are needed. Therefore, instead of storing
the actual values for the xim and Xjm one can only retain the square roots of them. In that way there is no need



DML Technical Report:

DML-TR-2003:01

Euclidean distance

0.3r

Probability
o o
= o N
(5, N (4

o
e

o
o
&

05 — 6=135 1
J— 9J=l.55

0

10

Probability

Proposed metric

0.3

I
N
@

I
[N}

0.15

0.1

0.05

—+— 6=1.35
— BJ=1,55

Figure 1: Thedivergenceviewed under different metrics. The grayed areacorrespondsto the divergence measured
from: (&) the Euclidean distance, which relies on the shaded area between the distribution functions, and (b) the
proposed metric that is based on the shaded areain the bottom left side of the plot.

to evaluate the square roots each time one needs to evauate the value of the random variable D;;, thus limiting
the computations cost to just Ny, multiplications, a bit-shift operation (the multiplication by 2) and N, additions.
Appendix A proves that the proposed distance measure satisfies also the three properties of ametric, so it will be
referred as ametric, henceforth.

From Eq. (25) isobviousthat D;; € [2,4], where D;; equals four when fi(m) = f;(m), ¥m. On the other hand
Dij equals two only in the extreme case where the distributions of theith and jth RVs are of the following form:

P(Xim) — { #0, whenP(xm) =0

=0, elsewhere
in which case the product f;(m) f;(m) equals to zero and therefore D;; tends towards the val ue two. So the closer
the pdf of theith RV isto the pdf of the jth RV the larger is the value of L;; and subsequently, the value of Dj;
tends toward the value of four. So the hypothesis test mentioned earlier is transformed into:

vm (7

Ho: Djj is statistically equal to four

Hi: The negation of Hg
It must be noted here that Eq. (4) resembles the Chi-square goodness-of-fit test proposed by Pearson but thereis
no other resemblance with that particular test. In fact, since Chi-square uses the maximum divergence between

the distribution under considerations this might lead to unexpected results in case when the distributions differ in
just two samples out of the Ny, samples comprising the Ny,-dimensional vectors.

Figure 1 depicts the areas used by the proposed metric and the Euclidean distance in evaluating the similarity
between the distributions.

2.2 TheZipf distribution and the proposed metric

In order to evaluate the hypothesis test mentioned in section 2.1 it is needed to compute the probability density
function of the random variable D;;. In doing so one must first determine the probability of the random variable

1The vectors used in this figure were artificially generated.
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Xim- For the case under consideration the probability of the random variable is:

1

fi(m)zm,

(8)

where 6; is a parameter dependent on the data-set under consideration and Hy, g, is the so-called Ny,th Harmonic
number of order 6; which isanormalizing factor equal to:

A
HNW79i - Z ﬁ (9)
m=1

Equation (8) isthe well known generalized Zipf distribution [1].

The first step towards the computation of the distribution of the variable Dj; is to evaluate the distribution of
the elements of the random vector zjj = (zj1,Zj2,. .-, ZjN,) = Xi 0Xj = (Xi1Xj1,Xi2Xj2, - - -, XiNy X} Ny, ) - Since for the
formation of the mth element of z;; it is needed to multiply the corresponding mth elementsin both x; and x; this
leads to the following: P(zjm) = P(XimXjm). In the previous expression the random variable xim is independent of
the variable xjm since they refer to two different random vectors, which leads to: P(zjm) = P(Xim)P(Xjm)-

For the evaluation of the probability of z;n, it is needed first to determine the cdf for m a given number, where
m e N. Lets denote this distribution by Fj (m):

Fj(m) = P(until themth element of ) (10)

- ﬁom.ﬁmﬂzﬁfﬁﬁyéiﬁﬂ)
= 3 P> PO
- t:1m
B §:§. leige
_ §:§.§:w, (12)

t= 1
HmaHmm i

Hiw,6;

where F; (m) and F; (m) are the cdfs of the ith and jth RV's respectively. The next step is to find the pdf for the
random variable zjm, thet is:

fij(m = P(Zijm):Flj(m)_F'(m_l)
m—-1m-1
- EEﬁWJZZﬁWJ 13
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Figure 2: The probability density function for the Zipf distribution for Ny, = 100 and for (a) 6; = 1.35, (b)
8j = 1.55, and (c) the product z,.

ik (d)

where a;j denotes the fraction 1/ (Hw,,.6; Hn,,.6;) - From (12) derives:

1 1 1
W = a3 &

t=1

1 HNW79J' HN\Nﬂi
= a {m(ewe,-)* THoLF (m— 1) F.(ml)]:»
aij, m=1
1
m(9i+ej)
fijf(m = ¢ a| Mopmog)s |, Yme{2N} (13)

H )
R (m=1)

0, €l sewhere

Figure 2 depicts the process of obtaining the distribution of the random variable z .

After the computation of the pdf for zjm it is needed to compute the density function of the random variable
V/Zjm- Thisisdueto thefact that D;jj isalinear combination of | /Zjm. Let 7, denote the square root of zjm, that
is, Zim = /Zjm whereme {1,2,...,Ny}. Since the sample space for the RV zjmistheset Z; = {1,2,..., Ny},
the sample space corresponding to z,, isthe set Z, = {1, V2,..., \/NW}. It must be noted here that the cardinality

of the set Z, is equal to N, since each element of the set Z, is the square root of the set Z;. So zjm is adiscrete
RV then the RV Zj, is of the same pdf as the RV zjm [5] and if f;j (m) denotes the pdf of the RV Zj,, then,

fij (m) = fij (m),vm.
Thefinal step is to evaluate the pdf of the random variable Ljj = S, Vajm= S Z,. For alargevalue
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of Ny and due to the central limit theorem (CLT) the pdf of the above sum tends toward the normal distribution
with mean value p and variance 62 [5]. The mean vaueis:

b = ELj= [Zﬁjm‘| %N:E[ﬁjm]

= NWE ijm N\NZ\/mfu

H 0 Hn,.6;
= NwauZ\/_{ 9.+9) r'.\r‘W]erieJ Fj (m71)+ r:gieﬁ(ml)]
C S 1 L (mo1) 4 TN e g
— Nwaijmgl{m(eﬁej) me 05 I(m )+ me —05 (m— >:|

Hy,. (e.+e) —os5™T
Fj(m-1)

= Nuaj | Hnyp Ew+ (14

HNWeI Z mej 05)

and the varianceis:
o> = E [('—ij —u)z} —E [(Lij)z} —12

]

Nw 5 Ny
= ED_Em) +2 Y ZimZim
m=1 myg,mp=1
L m #np
Nw 5 Nw
= ZE[@]Q}JFZ Z E [Zim Zijm,) — I
m=1 my,mp=1
m #mp
= MNE[(Z;kjm)z}+2MN(NN_1)E[ermlﬁjm2}—|J2 (15)

At this point, and without lost of generality, it can be regarded that the RVs Zj,, and zj,,, are independent.

Having this postul ate:
E [Zjmy Zimy] = E [Zjmy| E [Zm)] (16)
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Thefirst term on the right side of the variance equation is equal to:

1

N m(9i+ej)+
2 :
El@m?] = ay) (vVim)*| Musig gy
m=1
HNWQI
MO (m- 1)
Hy,, (oi+0))-1T
L Fj(m-1)
=  &jj HNij Z P + (17

HN\NeI Z mej 1>

whereas the second term equals to:
E [Zm,] E [Zjm,] = 12 (18)

So the total variance of the random variable Ljj is:

2 1(
0% = Nugj HNW(9,+9) 1+HN\Ne]Z HN\NGIZ mej 1

+ [ZNW(NW 1) -1

= Nwaij |Hy, (o))~ 1+HN‘NGJZ Ime -1 HNNGIZ m91 1

Hin,, (8i+0;) 05
Fj(m-1)

N
+ Nwaij[ZNW(Nw*]-)*l} HNWBJ- Zl P o5 +

H,.0 ZmﬂTs)

= Ny [HNW,<ei+ej>_l+[2Nw<Nw—1>—1}HNW(eim_ s

Fi ( 1 Fi ( 1)
+ 280jNu® (Nw— 1) Hi, [Z Alth- D Z Jmer.n05 1

m=1

N Nw
220N2 (N 1) Hi g [Z%+Z%] (19

m=1 m=1

which isequal to:

1+ [2Ny (Ny— 1) —1Jm 03
2 - JZ )—1m

m(6i+6j)-1

Fj(m—1)[1-m%5
+ 28Ny (N — 1HNWe,Z i(m= rr)ﬁ[ )

NWFI —1D1- —0.5
b 2aNR (N D Hy 3 MDY

(20)
mvi
m=1
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Finally, the pdf of the RV Djj = 2+ 2L hasto be computed. Given the fact that L;; is normally distributed
we get the following pdf for the RV D;j:

(12
foy (1) = “22)«—Vgﬁoap{;;azzm2} 1)

where pand o are the expected value and the standard deviation of the random variable Lj;.

But since the random variable D;; is confined in the interval [2,4] (Dj; € [2,4]), Eq. (21) obviously underesti-
mates the true pdf of Dj;. The accurate form of the pdf is:

0, —0<t<2
epf - Ly (t-2-20?}
fo, (©) = { /2  ESES4 (22)
! / @(p{—éz(t—Z—Zu)z}dt
2
0, 4<t< 4o

which isthe so-called truncated normal distribution [5]. Equation (22) can be simplified in the following form:

ep{ - 227 (t-2(1+19)%}

o, (0= (2L @

0, el sewhere

whereer f(a) = %T I et*dt denotes the so-called error function [2].

2.3 Hypothesistest evaluation

To assess whether theith and jth distributions are of the same “shape”, the RV Dj; will be employed in ahypoth-
esistest. The hypothesisis asfollows:

Ho: Theithand jth pdf are statistically identical which equalsto Dj; — 4.
Hi: Theithand jth pdf are not identical.

Given a pre-defined significant level a, the rejection region for the above hypothesis test is formulated as
follows:

Z3
a = POy<z)= [ fo, Mk
2

(3 otg) et (- )

() = ()

(24)

In Eq. (24) the only unknown is the parameter z,. After evauating the parameter z; the null hypothesis is
accepted if the expression zz < Djj (t) is true otherwise its rejected. Figure 3 depicts the distribution of the RV
D;; along with the support regions for the hypothesis Hg and the alternative hypothesis H; .

Appendix B provides a brief description of the computation of the critical values for the acceptance or the
rejection of the null hypothesis along with two tables with critical values computed by the proposed Eq. (27).
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Figure 3: The support regions for the null and the alternative hypothesis for the RV D;j for Ny = 2000, 6; = 1.35
and 8; = 1.55 at asignificant level of a = 0.90. (Important remark: Although the above graph implies a uniform
distribution thisis not true. The slope of the line in the graph approaches zero but still is significantly different
than thisvalue.)

3 Conclusions

The present report provides a preliminary mathematical analysis on a novel metric, that is also introduced in the
report, for the eval uation of the contextual similarity between documents. The proposed metric iscomputationally
superior than the Euclidean distance which is oftenly employed in similar tasks. Further investigation will be
performed towards the direction of the biasness of the introduced metric (investigate whether the proposed metric
isbiased or not).

A Isitametric?
In order to prove that the proposed statistic, Djj, is also ametric distance the following has to be proven:

Positiveness: Since fi (m) and f; (m) for m=1,2,..., N, contains the total probability mass of the ith and jth
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RV the following stems out:

Nw
0<xm<1land > Xim=1
m=1
N, =
0<xjm<1land ) Xjm=1
m=1
0< AXmXim< 1=
I\; imAjm > (25)
0< > /SXmXim<1l=
m=1
0<2Lj<2=
2<242j<4=

2<Djj<4

N Nw
Incasewherei = jthenLi= > /XnXjm= »_ Xm=1=D;=2+2L; =4
m=1 m=1
Symmetry: Since XimXjm = XjmXim = Dij = Dj;.
Triangular inequality: In order to prove the triangular inequality it can be proven that:
Dij +Djm > Dim= 2+ 2Lij +2+Ljm > 2+ Lim = 1+Ljj+Ljm > Lim (26)

which isobvioussince Ljj, Lim > 0and 1 > Lim.

B Critical values

The critical values for the hypothesis test associated with the RV Dj; are computed using the following:

550 (2141 —Z)

o Oy (D), BV ()

J 2 V2o 2 v2
7 — 2(1+u)—2\/§°er“”"<°‘erf<wf_—201)>
N (1_q)erf<%>), 27)

where er finvistheinverse of the error function [2]. Using Eq. (27) and pre-defined significance levelstwo tables
of critical values for hypothesistest were computed. Table 12 correspondsto asignificancelevel of o = 0.90 when
the dimensionality of the feature vectors is Ny, = 2000, wheress, table 11° corresponds to a significance level of
o = 0.95 under the same feature vector dimensionality.

2The values of the table a scaled version of the original values. Original values = 3.8+scaled valuex10~°.
3The values of the table a scaled version of the original values. Original values = 3.8+scaled valuex10~°.

10



DML Technical Report: DML-TR-2003:01 References

References

[1] Referenceson zipf'slaw. http://linkage.rockefeller.edu/wli/zipf.

[2] M. Abramowitz and I. A. Stegun. Handbook of Mathematical Functions with Formulas, Graphs, and Math-
ematical Tables. Dover Pubns., 10th edition, 1974.

[3] L.A.Adamic. Zipf, Power-laws, and Pareto - aranking tutorial. http://ginger.hpl.hp.com/shl/papers/ranking/
ranking.html.

[4] D.Manning and H. Schiitze. Foundations of Statistical Natural Language Processing. Cambridge, MA: MIT
Press, 1999.

[5] A. Papoulis. Probability, Random Variables, and Stochastic Processes. New York: McGraw-Hill, 1984.
[6] G. Saltonand M. J. McGill. Introduction to Modern Information Retrieval. McGraw Hill, 1983.
[7] R.B. Yatesand B. R. Neto. Modern Information Retrieval. ACM Press, 1999.

11



References

DML-TR-2003:01

DML Technical Report

00¢

€65°T S6°'T

¥e8S'T | ¢S/ST 06T

169S'T | 9¢9S'T | 6€SS'T 81

¥SeST | €8VST | COVS'T | TOEST 08T

LEST SIEST | TveST | €SIST | 9Y0ST SLT

LTS°T 6TTST | 6S0S'T | S/6V'T | ¢88V'T | 69T | OLT

crer'T 6v'T 188v'T | ¥8LV'T | vOLV'T | ¥OOV'T | S9'T

QLV'T | €L9v'T | 82T | SLSP'T | ¢0Sv'T | 8TVY'T | 09T

TSvvy'T | vevr'T | 68eV'T | vver'T | /8¢v'T | 9Tev'T | SS'T

96TV'T | €LTV'T | WIVT | ETTVT 0F'T S00V'T | OST

GE6ET | 8I6ET | 868€T | TL8ET | TEBET | [BLET | SV'T

¢89CT | V/9E'T | 999€T | vE9ET | 609€'T | 69SE'T | OV'T

SYvET | CWPET | LevET | 60VET 8eE'T C9EET | S€1T

9TCET | SOCET | TOCET | LBIET | ¢L1€T | TSTET | OET

C¢TOET | 9T0CT | TOOET | 866CT | €86CT | CL6CT | SC'T

28CT €¢8C'T | €¢82T | S08CT | S08CT 6.2'T 0cT

659C'T | €99¢'T | 699¢'T | 999¢'T | 6¥9C'T | TVICT | SI'T

€0S¢'T 15¢T 15¢T €0SC'T | €0S¢'T | 88WCT | OTT

V6ECT | /8ECT | V6ECT | 6/ECT | 6/ECT | ¢/&CT | SOT

00C S6'T 06'T S8'T 08T S.T
v8ry'T S9T
€IEr'T | S6TY'T 09T
SETV'T | LcOV'T | SI6ET jeicms
8E6ET | €S8ET | TSLET | CVoET 0ST
€ELET 99€'T 85T 68T | €8EET ST
6¢SET | TVET | SOVET | 6CE€T | 8eCET | TSTIET or'T
¢CeE'T | ¢8CET | T€CET | T9IET €T €C0ET | 626C'T GeT
CETET | ¢60ET | 9S0€'T | CIOET | ¥S6C'T | S88C'T | 918CT | SClc'T 0eT
8S6¢'T | 6¢6¢T | 688C'T | ¢S8C'T | CI8CT | ¥SLCT | S89CT | 619C'T | T9SC'T ST
9//2°T | 19/¢T | 9€LCT 12T 199¢'T | ¥E9C'T | €8GC'T | 6€SC'T | [9vC'T | ¥6ECT 0T
129¢T | 219t 65C'T 9/G¢'T | L¥VSC'T 15¢T T8vC'T | 8EVC'T | 6LECT | 8CECT | €9¢CT STl
88vC’T | I8VCT | 6SVCT | ¢SV eveT 80VC'T | ¢L€CT | 9€ECT | 66¢C'T | €9¢¢'T | L6ICT | 191CT 0Tt
GOECT | ¢/ECT | S9ECT | 8CECT | VIECT | YIECT | //¢CT | 9S¢CT | ¥E€¢CT | €8ICT | 9VTICT | LTICT | 180CT S0T
0LT S9T 097 SST 0ST SY'T or'T GeT 0gT ST 0cT STT oTT S0T

(P87 80UBPLUOD %0T) 06°0 = P T 000Z = "N 104 pue 'q AY 8y} 104 s3|qe} UoNNqUISIA 11 8|deL

12



References

01

DML-TR-2003:

DML Technical Report

00C

L0V'8 S6°'T

905€'8 | ¢vIE8 06T

€€8C'8 | 905¢'8 | S10C'8 Ga8'T

TS0¢'8 | S0LT'8 | /8T8 | 8L.08 08T

€CTT8 | V1808 | ¢EV08 | 6S66°L | €IV6'L SLT

S00'8 V186'L | 89¥6°L S06°'L 6G9G98°'L | <Z6LL | OL'T

8988°L | T€98'L | L/€8'L | 1908'L | ¥6SLL | 6V0L°L | S9T

€19L°L | €TpL’L | T€eL’L | T269'L | 6€S9°L | 9909°L | 09T

G8¢9'L | Te19'L | [S6S°L | €0.SL | €6ESL | €66V'L | SST

Teev'L | TI8Y'L | 999V'L | 8vv'L | €6TVL | 8E6EL | OST

ese’L v8ve'L | 8EEEL | TICEL | 620€°L | 8ELCL | SV'T

8¢cc’L | 6TTC’L | €80C°L | LE6T'L | 8¢8TL 1L o't

2¢660°L | 6T60°L | 9¥80'L | €LL0°L | 8290°L | ¢8¥V0°L | SET

12869 | 8T.6'9 | S¥96'9 | 60969 | €/56'9 | 16869 | OET

9€/89 | €998'9 6589 79689 | 8TS8'9 | SW89 | SC'T

8099 | S¥9L'9 | G¥9L9 | 809L9 | 809L9 | 66V.9 | OCT

80899 | ¥¥89'9 | 80899 | 80899 | 80899 659'9 STT

20099 | L0099 809'9 GE65'9 8099 0099 | OTT

GcvS'9 | 86VS9 8259 GevS'9 | GevS'9 | L0259 | SOT

00C S6'T 06'T S8'T 08T S.T
Vo', S9T
/GGG, | 206V, 09T
€6Sv'L | 620V'L | €6EEL aSsT
8eGe’L | <CO0TE’L | 99G¢C'L T0C’L 0ST
€8veL | €80¢’L | 9v9T'L L T650°L ST
¢6ETL | TOTT'L 1802 €LE0°L | ¥986'9 | 969 or'T
€LE0°L | 9Y00°L 66'9 Yor6'9 | €906'9 | 9€/89 | LZZ89 GeT
5€6'9 769 871689 | 9€/8'9 | 60¥8'9 | 9€6L'9 | 809L9 | CLTL9 0eT
¢/le89 | [cc89 | SP089 | 9¢8L'9 | 809L9 | LIEL9 6699 6599 92299 ST
€IL'9 6€L'9 vwel'9 | 660L°9 | ¥¥899 | 80899 | W99 | €ST99 | 68.99 | GCvS9 0T
29999 | /TS99 | TS99 | 66¢99 | 92299 809'9 G699 | TG99 8¢5'9 VETS'9 | Seov'9 STl
10099 | S€65'9 | 91.99 | V959 | T/GS'9 | 86V¥S9 | L0CS9 | VETS9 | €V8Y'9 | 8699 | VEEV'9 | 88IV'9 ()
20259 8259 20259 | 686V'9 | ¢90S9 | 9T6v'9 | TZ/P9 | SCov'9 8’9 ¢sSv9 | 9T1v9 L6€9 G28E'9 S0T
0LT S9T 09T aST 0ST SY'T or'T GeT 0gT ST 0T STT oTT S0T

(P97 80UBPLUOD %S) G6°0 = P T 000Z = "N 104 pue ' A 81 10§ S3|des uonnquisi :11 d|deL

13



